Vectors
By the end of this unit you should be able to find:
a unit vector in the direction of a.


the distance between two points (x1, y1, z1) and (x2, y2, z2) by 



d2 = (x1 – x2)2 + (y1 – y2)2 + (z1 – z2)2

the vector equation of a line in the form r = a + μb

the point of intersection of two lines

By the end of this unit you should also know that :


If a and b are two vectors with an angle θ between them then:
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Where a.b is the scalar product of a and b.
If a and b are two non zero vectors then if a.b = 0 then the two vectors are perpendicular.

Example 1
The points A and B have coordinates (-3, -3, -3) and (0, 0, 2) respectively.  The line l1 which passes through A has equation
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Show that 
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 is perpendicular to l1
Exam papers have only recently started to use this type of notation for vector questions but the same principles apply.
To find 
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 we simply need to subtract the two position vectors
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The second bracket in the equation of the line is the direction component of the line.  The direction component is used time and again in vectors questions.  If the line is perpendicular to 
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 then the scalar product of the two should equal zero.
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 = 3 × 0 + 3 × 1 – 5 × 0.6 = 0 as required.
This is a very regularly asked question and it should be a good opportunity to pick up some marks.

Example 2
The points A and B have coordinates (2, 3, -3) and (1, -2, -2) respectively. The line l1 which passes through A has equation
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The line l2 which passes through B has equation





[image: image11.wmf]12

r2s3

28.5

æöæö

ç÷ç÷

=-+-

ç÷ç÷

ç÷ç÷

--

èøèø


Show that the lines l1 and l2 intersect, and find the coordinates of the point of intersection.

Another standard question as all you have to do is equate the i,j,k components and solve the simultaneous equations.

Therefore:




2 + t = 1 + 2s

(1)




3 – t = -2 – 3s
(2)




-3 – 4t = -2 - 8.5s
(3)

Adding equations (1) and (2) gives:




5 = -1 – s

s = -6

hence t = -13

Substituting the value of t into l1 gives:




(-11, 16, 49) as the point of intersection.

Check that substituting the value of s into l2 gives the same answer. 

The next example involves more concepts but hopefully it is manageable.

Example 3
Relative to a fixed point O, the points A and B have position vectors
i + 2j -7k and 8i + 16j +7k respectively.

a)
Find the vector 
[image: image12.wmf]AB

uuur

.

b)
Find the cosine of 
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c)
Show that for all values of µ, the point P with position vector
µi + 2µj + (2µ -9)k lies on the line through A and B.
d)
Find the value of µ for which OP is perpendicular to AB.

e)
Hence find the foot of the perpendicular from O to AB.

a)
Once again subtract the two position vectors.
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 = 7i + 14j +14k

b)
Find the cosine of 
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The use of a diagram may help here.


[image: image16]
We can use the scalar product to find the angle between two vectors BUT both of the vectors must be pointing towards the angle or away from it.  Therefore in this case we will use  
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Scalar Product

a.b = |a||b|cosθ

Where a = 
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 and b = 
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= -i - 2j +7k
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 = 7i + 14j +14k
a.b = -7 -28 + 98 = 63

|a| = √54
|b| = √441
Therefore 
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c)
Show that for all values of µ, the point P with position vector

µi + 2µj + (2µ -9)k lies on the line through A and B.
When µ = 1 the point P has position vector i + 2j -7k (ie at A)

When µ = 8 the point P has position vector 8i + 16j +7k (ie at B)

Therefore for any other value of µ the point P will lie on the line through A and B

d)
Find the value of µ for which 
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 is perpendicular to 
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The scalar product of 
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 and 
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 is equal to zero at the point where the two vectors are perpendicular.



(7i + 14j +14k) . (µi + 2µj + (2µ -9)k) = 0




7µ + 28µ + 28µ - 126 = 0




µ = 2

e)
Hence find the foot of the perpendicular from O to AB.

We have just shown in part (d) that when µ = 2 
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 is perpendicular to 
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 and that P is on the line between A and B.

Therefore we only need to substitute µ = 2 into the position vector for P to find the foot of the perpendicular.



µi + 2µj + (2µ -9)k




2i + 4j -5k

Example 4

The line l1 has equation
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where t is a parameter.  The point A has coordinates (2, 5, a), where a is a constant.  The point B has coordinates (b, 12, 12), where b is a constant.  The points A and B lie on the line l1.

a)
Find the values of a and b.

Given that the point O is the origin, and that the point P lies on l1 such that OP is perpendicular to l1,
b)
find the coordinates of P.

c)
Hence find the distance OP, giving your answer in surd form.

a)
Find the values of a and b

The x coord of A is 2 therefore:




7 + t = 2

t = -5

So the z coord must be:




14 - - 5 = 19 

a = 19
The z coord of B is 12 therefore:




14 - t = 12

t = 2

So the x coord must be:




7 + 2 = 9 

b = 9

b)
find the coordinates of P

The scalar product of OP and the direction component of the line l1 will equal zero if the two are perpendicular.  Therefore:
OP = (7 + t, 10 + t, 14 – t)
Direction component = (1, 1, -1)




(7 + t, 10 + t, 14 – t) . (1, 1, -1) = 0



7 + t + 10 + t – 14 + t = 0




t = -1

Substituting this value of t into the equation of the line gives the coordinates of P as: 




(6, 9, 15)

c)
Hence find the distance OP, giving your answer in surd form.

Using Pythagoras in three dimensions:




OP = √(62 + 92 + 152) = √342
Vector questions have become more predictable in recent years and this should be an area of the paper to score decent marks.
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