Differentiation C4
Content

By the end of this unit you should be able to:

Differentiate functions given implicitly or parametrically and find stationary points, tangents and normals.
Use differentiation to model exponential growth and decay.

Solve problems involving connected rates of change.

Form simple differential equations.
The following differentials from C3 must be learnt

	Function
	Differential

	Sin t
	Cos t

	Cos t
	-Sin t

	Tan t
	Sec2 t

	Sec t
	Sec t Tan t

	Cot t
	-Cosec2 t

	Cosec t
	-Cosec t cot t

	Sinn t
	nSinn-1 t Cos t

	Cosn t
	-nCosn-1 t Sin t

	Sin (g(t))
	g’(t)Cos (g(t))

	Cos (g(t))
	-g’(t)Sin (g(t))

	Tan (g(t))
	g’(t)Sec2 (g(t))


Chain Rule

If y is a function of v and v, in turn, is a function of x, then:
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Product Rule
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Quotient Rule
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Composite Functions




y = (mx + c)n
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y = (f(x))n
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Implicit differentiation

All of the functions that we have been asked to differentiate so far have been of the form y = f(x) ie they have been expressed explicitly for y in terms of x.  For many functions it is difficult, if not impossible, to make y the subject.  These types of functions are called implicit functions.  We use the ideas outlined in the example below to find the gradients to such functions.

Example 1

A curve is described by the equation



2x2 + 4y2 – 4x + 8xy + 26 = 0

Find an equation of the tangent to C at the point (3, -2), giving your answer in the form ax + by + c = 0, where a, b and c are integers.
From earlier work in C1 and C2 we learnt that if y = 3x2 then:
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So the differential of y with respect to x is 
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What about y2?  Remembering that this could be written as a product (y × y).  So by differentiating y2 as a product we get:




y
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y = 2y
[image: image10.wmf]dy

dx


By the same principle the differential of y3 is




3y2
[image: image11.wmf]dy

dx


ie the rule when differentiatng any power of y with respect to x is to multiply by the power, take one from the power  and then multiply by 
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Returning to the question and noting that there is a product in it.



2x2 + 4y2 – 4x + 8xy
 + 26 = 0



4x + 8y
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 - 4 + 8y + 8x
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 = 0
(a lot of students leave in the 26)
Rearrange to make 
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 the subject



8y
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 + 8x
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 = 4 – 8y -4x
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We finally have the gradient function so by substituting the values of x = 3 and y = -2



Grad = 1

Using y = mx + c




-2 = 3 + c

c = -5

Therefore the equation of the tangent is:




y = x – 5

The same principles are used in the following example to find turning points.

Example 2

A curve has equation x2 + 4xy – 3y2 + 28 = 0,

Find the coordinates of the turning points on the curve.

Using the ideas of implicit differentiation outlined in example (1) and taking care with the product 4xy.




2x + 4x
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 + 4y – 6y
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(4x – 6y) 
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 = -2x – 4y
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The turning points occur when 
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Therefore x = -2y.  

(Why have we not considered the denominator to be zero?)
Substituting into the original curve gives:




x2 + 4xy – 3y2 + 28 = 0



4y2 – 8y2 – 3y2 + 28 = 0




7y2 = 28

y = 
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Coordinates of turning points

(-4,2) and (4,-2)

Parametric differentiation
The relationship between two variables x and y can sometimes be simplified by introducing a third variable t.  A function that is expressed in parametric form is usually easier to deal with than when it is in it’s Cartesean form.  The third variable is also useful as it allows you to give the position of a particle at a particular time and it makes curve sketching easier.
For example the parabola 



x = sin θ
y = sin 2 θ

has a Cartesean equation:
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The second form is obviously more difficult to deal with when differentiating as examples below will show.
.

Example 3
The parametric equations of a curve are



x = 14 sin t,
y = 14t cos t

where 0 < t < 
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 in terms of t, and hence show that the gradient of the curve is zero where 
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Since the curve is given parametrically we can use the chain rule to find  
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So by differentiating the parametrics:
x = 14 sin t

y = 14t cos t ( a product)
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When the gradient is zero
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This equation could be solved by iterative methods (C3).

Example 4
A curve is given by the parametric equations

x = 7 sin3 t,

y = 6 cos 2t,

0 < t < 
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Show that 
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By chain rule
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By C3 trig identities
sin 2t = 2 sin t cos t
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The final example in this section deals with tangents and normals to curves.
Example 5
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C4 Topic 4: Differentiation
Parametric differentiation

This display is based on a typical examination question. You can change some of the details in the question and then see the solution,
step by step.

The curve C is described by the parametric equations
x=tant,y =sin2t, - % <t< g

(a) Find the gradient of the curve at the point P where t=1%.
(b) Find an equation of the normal to the curve at P.
(c) Find an equation of the normal to the curve at the point Q where
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The curve C is described by the parametric equations




x = tan t
y = sin 2t
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a)
Find the gradient of the curve at the point P where t= 
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b)
Find the equation of the normal to the curve at P.
a)
Find the gradient of the curve at the point P where t= 
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Using chain rule:
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Let t= 
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Grad = 
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b)
Find the equation of the normal to the curve at P.
We are asked for the equation of the normal therefore the gradient will be 4 (why?).  
Using t= 
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 the x and y coords are 
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Using y = mx + c
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c = 
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Therefore the equation of the normal is
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Connected rates of change
It makes sense to state that as the surface area of a spherical balloon changes then so does its volume.  It follows then that rate of change of the surface area of a similar balloon will affect the rate of change of the volume.  Chain rule can be applied to these rates of change to find other rates as the examples below will show.
Example 6
Given that V = 9πr3 and 
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If V = 9πr3 then:
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We can now use chain rule to find 
[image: image63.wmf]dt

dr






[image: image64.wmf]drdrdV

dtdVdt

=´






[image: image65.wmf]2

dr1

15

dt27r

When r10

dr1

dt180

=´

p

=

=

p


With more worded type questions you have to think a little more carefully as to which rate of change you have been given in the question.  In the example below the units are a bit of a giveaway cm2s-1.  The rate of change must be surface area with respect to time 
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Example 7
At time t seconds the length of the side of a cube is x cm, the surface area of the cube is S cm2, and the volume of the cube is V cm3.  The surface area of the cube is increasing at a rate of 8cm2s-1.

Show that

a)
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, where k is a constant to be found,
b)

[image: image68.wmf]1

3

dV

2V

dt

=

.

Given that V = 8 when t = 0,

c)
solve the differential equation in (b), and find the value of t when V = 16√2.
a)
The formula for the surface area of a cube is:




S = 6x2



Differentiating:



We know:
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So by chain rule
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Therefore 
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b)
Show that 
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The formula for the volume of a cube is:




V = x3



Differentiating:



From part (a) we know:
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So by chain rule
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By rearranging the volume formula we get:
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Given that V = 8 when t = 0,

c)
solve the differential equation in (b), and find the value of t when V = 16√2.
Start by seperating the variables and integrating
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Remember that the power on the v is 
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Substituting the initial values of V = 8, t = 0 gives:




c = 6

Therefore:
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Now let V = 16√2 and by using the indices work from C1 we get:
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Differential Equations
Differential equations can be set up using the ideas outlined above on connected rates of change or by application to problems involving proportion.
Example 8
The rate of loss of a radioactive substance C is proportional to the amount present at a particular time.  Set up a differential equation to model this situation.
The rate of loss is obviously a differential with respect to time 
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 and by using the ideas from GCSE this must be proportional to C.  Therefore:
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Why is there a negative sign?
To finish the question we need a constant of proportionality so the differential equation is:
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Differential equations will be dealt with in greater detail in the integration notes.
The final example deals with the differential of exponential functions.
Example 9
Find the derivative of y = 6x.

Using rules of logs from C2 and taking logs of both sides.




Lny = xln6

Differentiating implicitly gives:
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Substituting for y:
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�Remember that by differentiating 8xy as a product you differentiate 8x to give 8 and multiply it by y and add to that the differential of y which is� EMBED Equation.3  ���multiplied by 8x.
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