Algebra and Functions C4
By the end of this unit you should be able to:



express rational functions in terms of partial fractions

The functions will include denominators of the type (ax+b)(cx+d)(ex+f) and (ax+b)(cx+d)2.  The degree of the numerator may equal or exceed that of the denominator and if this is the case you will need to carry out an algebraic division first.

The idea of partial fractions is used in other areas of the C4 specifications as outlined in the examples below.
Example 1
a)
Express 
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  in partial fractions.
 
b)
Hence find the value of 
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, giving your answer in terms of a single logarithm.
a)
Express 
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The aim is to separate the function into fractions with a single linear factor as the denominator. 
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Multiply by (2x - 5)(x + 2)





[image: image5.wmf]6x3A(x2)B(2x5)

+=++-


To find the constant A, let x = -2
-9 = -9B

B = 1

To find the constant A, let x = 2.5
18 = 4.5A

A = 4

Therefore
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b)
Hence find the value of 
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, giving your answer in terms of a single logarithm.

Using part (a).
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If the denominator differentiates to give a multiple of the numerator then the integral is a multiple of the denomenator.
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By rules of logarithms
 alnx = lnxa
 
lna + lnb = lnab 

 lna – lnb = ln (a/b) 
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Example 2
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a)
Express g(x) in the form , where A and B are constants to be found.

b)
The finite region R is bounded by the curve with equation y = g(x), the coordinate axes and the line x = 0.5.  Find the area of R, giving your answer in te form ln a where  a is given to 3 decimal places.
Basically integrate between x = 0 and x = 0.5
a)
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Multiplying by (1+4x)(2-2x)
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Let x = 1




20 = 5B
B = 4

Let x = -0.25




11.25 = 2.5A

A = 4.5
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b)
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The following example uses the idea of partial fractions and then applies it to a binomial expansion.
Example 3
Given that 
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a)
find the values of the constants A and B.


b)
Hence or otherwise find the series expansion in ascending powers of x, up to and including the term in x2 of
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c)
State with a reason whether your series expansion in part (b) is valid for x = 0.5

a)
find the values of the constants A and B.

Multilply by (1 + 3x)(1 - x)
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Let x = 1




8 = 4B

B = 2

Let x = 0




5 = A + B 
A = 3

Therefore
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b)
From part (a):
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Using the binomial expansion as explained in earlier notes to give the expansion up to those containing x2:
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c)
State with a reason whether your series expansion in part (b) is valid for x = 0.5

For the expansions to be valid the modulus of the ax term in the bracket (eg 3x) must be less than 1.


|3x| < 1
Therefore x < 
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Or



|- x| < 1 
Therefore x < |1|

We must use the smallest of the two conditions hence the expansion is not valid for x = 0.5.

The final example includes a repeated linear root.
Example 4
Express  
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  in partial fractions.
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Note the two terms in (3 – x) and (3 – x)2.  Take care when multiplying by the denominator.  If part of the denominator had been (3 – x)3 then there would have been terms in (3 – x), (3 – x)2 and (3 – x)3




[image: image26.wmf](

)

22

1511x4xA(3x)(4x)B4xC(3x)

-+=--+-+-


Let x = 4




35 = C

Let x = 3




18 = B

The easiest thing to do now is to let x = 0




15 = 12A + 4B + 9C




15 = 12A + 72 + 315



A = 31

Therefore
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